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Recall An i bkeaf on a scheme X is a

locally free sheaf of rank one

If L M are invertible then L M is well since

the stalks are free Thus gives us a binary
operation on invertible sheaves In fact it gives it
a group structure

is associative

L O L L

Set L e Lu Then L L 0 By Hw problem

Def The Picard gwup of X is the group of invertible
sheaves up to isomorphism w operation

S Edivio.rs

Given a divisor on X there is a natural associated

sheaf Hartshorne does this in full generality for
Cartier divisors on arbitrary schemes but we will
focus on nice schemes where we have Weil

divisors and Loc principal divisors



For the remainder of the section let X be a normal

separated integral Noetherian scheme w K K X

Def let D be a Weil divisor on X The Streat
associated denoted D is defined

U f cK'tI f Dtu fo
effective

This is a subsheaf of K check Moreover it's an

Ox module

If t E U g e D U then f is regular on U
so t 20 Thus tg Dtu 20 so fg E O D u

h

f Cg

If D En Yi then SuppD UYi Thus on the open
set U X SuppD

hito

O D u t I f 20

i e f is regular on U Thus OCD agrees w 0

away from the support of D

We can give a different but equivalent definition of
D when D is Cartier i e locally principal in this

case



Def let D be a Cartier divisor on X normal etc

represented by Ui fi Define D as follows

QCD
u FiOui E K

This is well defined since if U E U hUj Jj CO u

so

s 0xCu ft 0 141 ftp0xlu

Thus we have defined D on a cover so D is

the sheaf it generates

Why are these definitions equivalent

If U E U E X Wl D definedby lui fi as above

then Dtu ti so

u ft K f Dla 20 as follows
7in k

Lef f e k't Then t t Dlui 20
f t ti 20

ffi 20

ft regular
f fig with g cQIU



Thus they are equal on a basis so they must be
the same sheaf

Note that if D Ui fi Cartier then

0 I 0 D luiUi Ui

t
ti

That is D is invertible

In particular if D t is principal then Ox E Ox D
Thus we have a well defined function

C act X Pic X
D Q D

Pep The map CaCtX PicX is an isomorphism

PI First we show it is a homomorphism

let D Ui.fi Dz Ui gil be Cartier divisors
we can refine the corresponding covers so that they
are the same

Then D Dz Ui fig We have a map

D 0 Dz OCD Da



defined on each Ui by YfiOui YgiOui goOui

which agrees on the overlaps since

GiOig Yg Oij YfigiOuijr
i nb f commutes

Yf Bij Ygj0ij fjgj Ouij
This is an isomorphism on stalks we have the

inverse YfigiOp YtOp YgOp

Higia a Yg

So DetDz E OCD Da and thus they are

equal in PicX Thus the map is a homomorphism

For surjectivity we need that for L invertible
there is some divisor D s.t.LI QCD

First note that L injects into 74 we have a natural

injection L L 074 and on any op a set UEX

where L 8 E0 we have L KEK Thus L K

is constant on a basis so it must be a constant sheaf

since X is irreducible ii e L K E K

Thus we can assume L is a subsheaf of K



To recover D cover X by Ui s.TL ui Oui
Then Llui is globally generated by some tie K

so f u fi Oui 80

L D where D Ui Yf so the map
is surjective

In particular if OCD 50 we have OCD fQ for some fck'tI
so D Yf Thus The map is injective so it's an

isomorphism D

If X is additionally locally factorial we showed Caux CIX

so we have

Corollary If X is Noetherian integralseparated locally
factorial then CIXI Pick In particular this holds for

himsingular varieties

We can now explicitly describe all invertible sheaves on

Pf

Cer If X Pf then every invertible sheaf is isomorphic to
d for some d E R

Rf PicX E l X P and the generator of Ctx is a



hyperplaneH Thus we want to shew that 0 H E l

Take S kCxo xD and It cut out by L O L Xi Set

Ui Dt Xi Then

H Ui i e Dla Ei Thus

H Gui whose sections on Ui
Ui

are d deg F d IS 1
ai

n

f Eid l

Ox H I sci E SCT 0 11 D

let D be an effective Cartier divisor on X normal etc

Then D Ui fi tie f Ui Oui The associated

subscheme Y is the closed subscheme defined by the
ideal sheaf locally generated by fi

Pyp With D and Y as above In I 0 1 D

P1 OC D fiOui on each Ui which is exactly the
ideal sheaf Iy D

Ceri If YE Pf is a degree d hypersurface then dy Ol d


